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We provide analytical composite pulse sequences that perform dynamical decoupling concurrently
with arbitrary rotations for a qubit coded in the spin state of a triple quantum dot. The sequences
are designed to respect realistic experimental constraints such as strictly nonnegative couplings.
Logical errors and leakage errors are simultaneously corrected. A short pulse sequence is presented
to compensate nuclear noise and a longer sequence is presented to simultaneously compensate nuclear
and charge noise. The capability developed in this work provides a clear prescription for combatting
the relevant sources of noise that currently hinder exchange-only qubit experiments.
Semiconductor quantum dot spin systems offer a scal-
able platform for quantum computing, and have received
an increasing amount of attention as the push towards a
practical, large-scale array of qubits continues. Although
it is natural to consider a single localized electron spin as
a qubit, with single qubit rotations controlled by applied
local radio-frequency ac magnetic fields, such ESR-type
single electron spin rotations have turned out to be dif-
ficult [1] to implement experimentally in quantum dots.
It was subsequently noted that by encoding the qubit
in the spins of three electrons on a triple quantum dot,
control of the exchange couplings between dots is suffi-
cient to perform any qubit rotation [2]. This “exchange-
only” qubit is highly desirable for its fast, all-electrostatic
operations that avoid the complications of the local ac
magnetic field control needed for single spin rotations [1]
or the inhomogeneous magnetic field control for singlet-
triplet spin qubits [6]. Recent experiments demonstrate
the viability of this all-exchange approach, but also the
deleterious effects of charge noise and, predominantly,
hyperfine-mediated quasistatic nuclear spin fluctuations
[3–5].
This degradation of a quantum state through the hy-
perfine interaction is a serious problem for quantum com-
putation using double or triple quantum dot qubits [6, 7].
For the singlet-triplet qubit, schemes have been devel-
oped to preserve the qubit state [8–10] and to perform
gate operations while canceling errors [11, 12]. These
schemes do not apply to the exchange-only qubit though,
due to an additional error channel of hyperfine-induced
leakage out of the logical subspace. Error correction in
this system requires a completely new approach, and to
date error-limiting sequences have been proposed only
for the noop, or “no operation,” gate [13]. Such noop
operation is capable of extending the idle quantum mem-
ory as has already been demonstrated extensively for sin-
gle spins [14–17], but does not apply during gate opera-
tions. The main point of our work is to enable a direct
method of carrying out arbitrary single qubit operations
in all-exchange qubits which are dynamically decoupled
from environmental noise effects. In this Rapid Com-
munication, we introduce a scheme for performing these
rotations while canceling errors to leading order in both
nuclear Overhauser field and charge fluctuations. The re-
sulting pulse sequences are derived analytically, respect
the unique physical constraints of the experimental sys-
tem, and are experimentally implementable under realis-
tic conditions.
We consider three electrons in a linear triple quantum
dot system where neighboring dots are coupled by the
Heisenberg exchange interaction. The qubit is encoded
in the S = 1/2 and Sz = +1/2 subspace as |0〉 = (|↑↓↑〉−
|↓↑↑〉)/√2 and |1〉 = (|↑↓↑〉 + |↓↑↑〉)/√6 − √6|↑↑↓〉/3
[2]. Quasistatic fluctuations in the nuclear Overhauser
field cause the qubit states to leak to an S = 3/2, Sz =
+1/2 state |Q〉 = (|↑↓↑〉 + |↓↑↑〉 + |↑↑↓〉)/√3 via the
coupling Hhf =
∑
j BjS
z
j . Here, S
z
j is the spin operator
in the z-direction for the electron in the jth dot, and
Bj is the hyperfine field. Leakage into other states, for
example the |↑↑↑〉 state, can be substantially suppressed
by applying a large homogeneous Zeeman field and is
therefore neglected. We also assume that Landau-Zener
dynamics are suppressed as in Ref. [5], and neglect them
in the remainder of this work.
In the basis {|0〉, |1〉, |Q〉} we may write our Hamilto-
nian H = Hc + Hhf in terms of the Gell-Mann matrices
[18], λj , as [19]
Hc = J12(t)E12 + J23(t)E23, (1)
with
E12 = −λ3
2
− λ8
2
√
3
, E23 = −
√
3
4
λ1 +
λ3
4
− λ8
2
√
3
, (2)
and
Hhf =
(
λ1
2
√
3
+
λ4√
6
)
∆12 +
(
λ3
3
+
√
2
3
λ6
)
∆12, (3)
where we have defined ∆12 = B1 − B2 and ∆12 = B3 −
(B1 + B2)/2 since only the inhomogeneous part of Hhf
is important [19]. In the control Hamiltonian Hc, Jij(t)
is the exchange interaction between electrons in dots i
and j which can be rapidly controlled electrostatically
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2via the interdot detuning, ij (t). λ1, λ3, and λ8 act on
the logical subspace as Pauli matrices σx, σz, and the
identity, respectively. Therefore, E12 and E23 implement
rotations on the Bloch sphere about axes 120◦ apart, zˆ
and
√
3
2 xˆ − 12 zˆ, respectively. Any single-qubit operation
can then be composed from interleaving rotations about
these two axes (or by pulsing both axes at once [20]).
We denote ideal rotations about these axes by R12(φ) =
exp(−iE12φ) and R23(φ) = exp(−iE23φ).
There are two main sources of noise in this system.
One is the nuclear noise, Hhf , which causes both dephas-
ing within the logical subspace and leakage to state |Q〉,
as seen in Eq. (3). This is characterized by ∆12 and ∆12.
The other is the exchange noise, that is, imperfection in
the control resulting for example from detuning fluctua-
tions induced by charge noise [21], δij . Different from
the nuclear noise, exchange noise is typically dependent
on the strength of the control field. Thus, both of the
exchange terms have the form
J (t) = J [ (t)] + δ
∂J ()
∂
∣∣∣∣
=(t)
, (4)
where J [ (t)] is the desired control field and δ arises
from, e.g., fluctuations in the background impurity po-
tential. In our work, we assume that δ varies slowly
enough on the timescale of one gate operation that its
value can be considered constant during that period.
This is justified by the fact that experimental coherent
echo times are T2,echo > 0.1 ms in GaAs systems [8]
and milliseconds or even seconds in silicon-based systems
[22, 23], compared to gate times well under a nanosec-
ond. In practice one sometimes produces one detuning
axis for both J12 and J23 [5], but we will not assume
this, instead treating the most general case where J12
and J23 are controlled separately, meaning that δ12 and
δ23 are independent noise channels. Moreover, the func-
tional dependencies of the exchanges on detunings are to
be measured experimentally. Phenomenological models
exist in the literature such as J = J0 exp(/0), where J0
and 0 are determined empirically, implying
∂J
∂ ∝ J [24].
Other forms also exist [4]. Our result, though, does not
rely on any particular choice of the functional form.
With these considerations we define a na¨ıve rotation
of angle φ around the z axis via holding a constant value
of the exchange, J , for a time φ/J ,
U12(J, φ) = exp
{
−i {[J + g(J)δ12]E12 +Hhf} φ
J
}
,
(5)
and define U23(J, φ) similarly. Here g(J) is a shorthand
notation for ∂J()∂ evaluated at the detuning that pro-
duces exchange J . When there are no noise terms, the
above rotation implements R12(φ) exactly. In the pres-
ence of noise, there are errors at first order related to
both hyperfine interaction (∆12, ∆12) and exchange noise
(δ12, δ34) [18]. Our goal is to find a pulse sequence that
accomplishes the desired rotation, R12(φ) while canceling
all leading order errors. At the same time, we also want to
respect the experimental constraints that 0 ≤ J ≤ Jmax
and φ ≥ 0 (i.e., time durations are nonnegative). In gen-
eral, logical and leakage errors are expressed in terms of
matrices λ1 through λ7 with coefficients that are func-
tions of ∆12, ∆12, δ12, and δ23, so one would need to
solve 28 coupled highly nonlinear equations to set each of
the leading order error terms to zero – a forbidding task.
However, the procedure can be substantially simplified by
using symmetry considerations, specific to this qubit im-
plementation, to eliminate most of the error terms from
the outset and to allow an analytical solution that we
present in this work.
In the following, we first neglect imperfections in the
control of the exchange couplings and focus on canceling
the hyperfine-induced noise, which recently has been ar-
gued to play a dominant role in experiments. [25]. Then,
using the resulting pulse sequences as building blocks,
we build nested composite pulses that also cancel the
exchange noise at the same time as the hyperfine noise.
Since the evidence points to a noise spectral density dom-
inated by its quasistatic component [5], we design our
scheme to compensate this component specifically.
While an elegant approach for leakage error correction
has previously been presented in Ref. 26, we start with
the alternative approach of West and Fong [13]. The idea
is that hyperfine errors in an identity operation can be
turned into a harmless global phase by permuting elec-
trons between sites such that each electron sees the same
average magnetic field. This idea was used to construct
spin echo sequences with delta function pulses, but we
will use it to construct arbitrary corrected rotations with
real pulses of finite duration.
A complete cycle of permutations is performed by
I = [U12(J, pi)U23(J, pi)]
3
. To understand how the error
accumulates, we first move to a rotating frame and con-
sider the error induced by individual pieces, then com-
bine them by moving back to the lab frame [27]. The
real rotations can be related to ideal ones by U12(J, pi) =
R12(pi)(1− iΦ12) and U23(J, pi) = R23(pi)(1− iΦ23), with
Φ12 =
∑
i aiλi and Φ23 =
∑
i biλi. We begin by consid-
ering a composite pulse implementing an identity up to
hyperfine errors,
U12(J, pi)U23(J, pi)U12(J, pi)U23(J, pi)U12(J, pi)U23(J, pi)
= I − iΦtot, (6)
where the error is
Φtot = Φ23 + P
†
1Φ12P1 + P
†
2Φ23P2
+ P †3Φ12P3 + P
†
4Φ23P4 + P
†
5Φ12P5. (7)
Here Pn =
∏n
i=1 Ui, and Ui = U23(J, pi) for i odd and
3U12(J, pi) for i even. Simple algebra gives
Φtot = −3(a2 − b2)λ2 + c8λ8. (8)
Equation 8 is completely general and applies regardless
of pulse shapes chosen for U12(J, pi) and U23(J, pi), so long
as they are consistent and implement pi rotations to ze-
roth order. Thus we need only replace the U12/23(J, pi)
with composite pulses such that a2 = b2 and the identity
will be free of hyperfine errors, other error terms being
canceled by the cyclic permutations of Eq. (6). (The λ8
term is harmless, since it does not affect the qubit sub-
space.)
There are various ways to achieve a2 = b2, but for
our subsequent discussion it is most convenient to re-
place U12/23(J, pi) above with a three-piece pulse sequence
U ′12/23(J, pi), where
U ′12/23(J, φ) = U12/23(J, φ)U12/23
(
J
2
, 2pi − φ
)
U12/23(J, φ).
(9)
This sequence has the desirable property that its error
has no λ2 component to first order in the hyperfine fields.
Therefore when one implements the rotations in Eq. (6)
by Eq. (9), a2 = b2 = 0 and the hyperfine-induced error
vanishes. The value of J is unimportant as long as its
value is consistent across all implementations of U12, and
similarly for U23. (Although we have furthermore taken
J12 = J23 = J for simplicity, it is not necessary that
the same exchange coupling be used between both pairs
of dots.) We remark here that this gives an alternative
dynamical decoupling scheme to that used in Ref. 5. In
fact, our sequence actually cancels the lowest two orders
of error due to nuclear noise for this case.
Crucially, U ′12/23(J, φ) has another desirable property
that its error is independent of φ and is thus always
identical to that associated with U ′12/23(J, pi). Both
properties are by design, and spring from intuition that
U ′12(J, φ) should always carry the qubit through at least
a full circle of rotation around the Bloch sphere, spending
an equal amount of time at each pair of diametrically op-
posite points. Since J12 (or J23) performs these rotations
about an axis orthogonal to the y-axis, the first-order λ2
error component generated at each point of the evolu-
tion (not just during waiting times) is cancelled by that
from the other side of the Bloch sphere and the remaining
first-order errors are independent of φ. (The expanded
expression for Eq. (9) given in [18] confirms this intu-
ition.)
The latter property allows us to implement a corrected
nontrivial qubit rotation instead of an identity. We con-
sider a variation of the sequence of Eq. (6), using the
composite pulses of Eq. (9) and replacing the last pi ro-
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FIG. 1: Example pulse sequence for corrected rotation achiev-
ing R12(0.7pi).
tation by one with a general angle,
U˜12(φ) ≡ U ′12(J, pi + φ)U ′23(J, pi) [U ′12(J, pi)U ′23(J, pi)]2
= R12(φ) +O
[
(∆12 + ∆12)
2
]
. (10)
The total sequence error remains zero to first order since
the error of the last piece does not depend on φ. Chang-
ing the rotation implemented by the last piece of the
sequence only manifests itself in the zeroth order term
since P6 does not appear in the expression for total error
(7). To implement an R23(φ) rotation one simply inter-
changes 12 and 23 indices. Thus, neglecting exchange er-
rors at this stage, we have found a prescription to perform
arbitrary single-qubit corrected operations. The explicit
analytical form showing hyperfine-noise cancellation, the
remaining λ8 term, and the exchange error terms in case
of imperfect control are included in [18]. We also note
that because 0 ≤ pi + φ ≤ 2pi on the rhs of Eq. (10) to
ensure positive pulse durations, the angle in its lhs must
be restricted to −pi ≤ φ ≤ pi.
In Fig. 1 we show an example of pulse sequences achiev-
ing R12(0.7pi). For R23(0.7pi) one simply needs to swap
the upper and lower panels. (Although we have used
square pulses, finite rise times can be accommodated
[18].) Fig. 2 shows the gate infidelity of these rotations
for a range of hyperfine fields. The na¨ıve pulse is taken
to be the fastest possible with the same constraint on J .
As one would expect, the infidelity in the uncorrected se-
quence is roughly second-order while that of the corrected
sequence appears to be fourth-order in ∆12 and ∆12. Our
pulse sequence delivers a substantial error reduction, al-
lowing it to tolerate a much wider range of hyperfine error
within the quantum error correction threshold.
We now proceed to the cancellation of the exchange
noise. This is not trivial because the strategy of Eq. (9)
does not apply due to the peculiar control-dependent
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FIG. 2: Gate infidelity of na¨ıve (solid) and hyperfine-
corrected (dot-dashed lines) rotations, assuming perfect con-
trol. The rotations implemented are, (a) U˜12(0.7pi), and (b)
U˜23(0.7pi). Here we have taken ∆12 = ∆12 = ∆. These as-
sumptions are for display purposes only and will not affect
the generality of our result.
form of the exchange noise. In fact, any similar form in-
volving a cascade of J12 rotations,
∏
i U12(Ji, φi), could
only possibly work if the pulse form is chosen based on
exact a priori knowledge of g(J), or in other words, the
exact functional dependence of J (). Since that is a
sample-dependent property, it is far better to consider
a form that will work more generally. Therefore, in order
to find a J12 pulse sequence which cancels exchange noise
for any g(J), we must invoke both J12 and J23 rotations
– complicating matters by introducing another indepen-
dent error source, δ23 – and assign rotation angles to
them such that all error terms are canceled simultane-
ously. To simplify the task (no doubt at the cost of pulse
length), we can build all rotations from the hyperfine-
corrected building blocks U˜12/23(φ) so that we can focus
on the exchange noise only. The algebra is rather in-
volved, but in this way we have found a sequence which
leads to a cancellation of exchange noise for both axes.
We first define an identity up to exchange error terms
I˜12(φ1, φ2) = U˜12(−φ2)U˜23(−φ1)
×
[
U˜12(pi)
]2
U˜23(φ1)U˜12(φ2), (11)
and then we can express the sequence that corrects both
exchange and hyperfine errors to leading order as
˜˜
U12(φ) ≡ U˜12(φ)I˜12(φ1, φ2)I˜12(−φ1,−φ2)
= R12(φ) +O
[
(∆12 + ∆12 + δ12 + δ23)
2
]
, (12)
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FIG. 3: Gate infidelity of na¨ıve (solid) rotations and ro-
tations with both exchange and hyperfine noise corrected
(dot-dashed and dotted lines). The rotations implemented
are, (a)
˜˜
U12(0.7pi), and (b)
˜˜
U23(0.7pi). Here we have taken
g12(J) = g23(J) = J/0. We have also taken ∆12 = ∆12 = ∆
and δ12 = δ23 = δ. Again, these assumptions are for dis-
play purposes only.
where the parameters are given by [18]
φ1 = arccos
(
−pi + φ
3pi
)
, (13)
φ2 = arctan
(
4pi + φ
2
√
8pi2 − 2piφ− φ2
)
. (14)
We note that for any φ ∈ [−pi, pi], Eqs. (13) and (14) are
well defined and the resulting φ1 and φ2 are both within
the prescribed range [−pi, pi]. Therefore Eqs. (9)–(14)
complete the core results of this paper.
In Fig. 3 we show the infidelity of gates performing
R12(0.7pi) and R23(0.7pi). The red lines are for the case
without the hyperfine error; while blue lines are for hy-
perfine error ∆12 = ∆12 = 0.01Jmax. The corrected pulse
clearly delivers improvement to the na¨ıve pulses for small
charge noise. The improvement is appreciable only at
very small δ because, although the first order error is
completely cancelled, one is left with a large coefficient
in the next order error. This coefficient could likely be re-
duced by further optimization of the pulse. Nevertheless,
the relevant parameter regime for typical experiments is
estimated to be that of small charge noise dominated
by hyperfine noise [5, 25], which is the regime where the
fully-corrected pulse could already be useful in its current
form.
The cost for the error cancellation is that we have made
the pulse sequence long. For the hyperfine-corrected se-
quence, typically 18pi of rotation is needed. For the
sequences robust against both hyperfine error and the
exchange error, one would need ∼ 230pi of rotations.
Although this number seems challenging, recent exper-
5iment [5] has demonstrated ∼ 160pi coherent rotations
within ∼ 2 ns, which is well below even their T ∗2 value
(a lower bound on T2) of ∼ 100ns. This suggests that
our hyperfine-corrected pulse sequence can be immedi-
ately implemented in experiments, while even the much
longer, fully-corrected sequence could be within practi-
cality. Moreover, for realistic situations one usually con-
trols J12 and J23 with one single detuning, which can
be used to further optimize the sequence. We emphasize
that the pulse sequence discussed in this paper is com-
pletely general, canceling δ12 and δ23 independently
and making no assumption whatsoever on how the ex-
change depends on detuning. Further optimization would
require input of this information and could vary from sys-
tem to system, requiring a case-by-case analysis.
It is interesting to consider error cancellation beyond
the first order. In [18] we demonstrate that in the absence
of exchange error, hyperfine error can be corrected up to
second order by cascading the pulse of Eq. 9. However,
pushing to higher orders does not necessarily improve the
performance of the pulses, as shown in [11]. We there-
fore speculate that it would be more useful optimizing
the pulse sequences presented here, rather than cancel-
ing higher orders of errors by a much longer sequence.
In conclusion, we have presented analytical composite
pulse sequences for arbitrary rotations of an exchange-
only qubit, which are simultaneously robust against both
quasistatic nuclear noise and charge noise. The form
of our sequences satisfies the physical constraints of the
exchange-only system, does not assume a priori knowl-
edge of the exact functional dependence of the exchange
interaction on detuning, and is realistic for current exper-
imental implementation. We therefore believe that this
control method will be immensely useful to on-going ex-
perimental efforts towards scalable arrays of qubits with
all-electrostatic control.
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6Supplementary material
I. GELL-MANN MATRICES
Here for convenience we give the explicit forms of the Gell-Mann matrices [S1] used in the paper:
λ1 =
 0 1 01 0 0
0 0 0
 , λ2 =
 0 −i 0i 0 0
0 0 0
 , λ3 =
 1 0 00 −1 0
0 0 0
 , λ4 =
 0 0 10 0 0
1 0 0
 ,
λ5 =
 0 0 −i0 0 0
i 0 0
 , λ6 =
 0 0 00 0 1
0 1 0
 , λ7 =
 0 0 00 0 −i
0 i 0
 , λ8 = 1√
3
 1 0 00 1 0
0 0 −2
 .
(S-1)
II. ANALYTICAL FORMS OF PULSE SEQUENCES
In this section we present the detailed analytical form of the pulse sequences presented in the main text of the
paper.
A na¨ıve rotation with J12, U12(J, φ), defined in Eq. (5), has first order error as
U12(J, φ) = R12(φ)
{
I − i sinφ
2
√
3J
∆12λ1 + i
cosφ− 1
2
√
3J
∆12λ2 +
(
− iφ
3J
∆12 +
iφg12 (J)
2J
δ12
)
λ3 − i sinφ√
6J
∆12λ4
+ i
cosφ− 1√
6J
∆12λ5 − i
√
2
3
φ
J
∆12λ6 + i
φg12 (J)
2
√
3J
δ12λ8 +O
[
(∆12 + ∆12 + δ12 + δ23)
2
]}
.
(S-2)
The expression for U23(J, φ) is similar but lengthy, therefore we will not present it here.
The three-piece pulse sequences [Eq. (9)] forming the building blocks of the hyperfine-corrected rotation are
U ′12(J, φ) = e
− 2ipi3 R12(φ)
{
I +
[
−4ipi
3J
∆12 +
i
J
[
(2pi − φ)g12
(
J
2
)
+ φg12 (J)
]
δ12
]
λ3 − i4
√
2pi
3J
∆12λ6
+
i√
3J
[
(2pi − φ)g12
(
J
2
)
+ φg12 (J)
]
δ12λ8 +O
[
(∆12 + ∆12 + δ12 + δ23)
2
]}
,
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and
U ′23(J, φ) = e
− 2ipi3 R23(φ)
{
I +
[
−
√
3pii
2J
∆12 +
ipi√
3J
∆12 +
√
3i
2J
[
(2pi − φ)g23
(
J
2
)
+ φg23 (J)
]
δ23
]
λ1
+
[
ipi
2J
∆12 − ipi
3J
∆12 −
i
2J
[
(2pi − φ)g23
(
J
2
)
+ φg23 (J)
]
δ23
]
λ3
+
ipi
J
(
−
√
3
2
∆12 +
√
2
3
∆12
)
λ4 +
ipi
J
(
∆12√
2
−
√
2
3
∆12
)
λ6
+
i√
3J
[
(2pi − φ)g23
(
J
2
)
+ φg23 (J)
]
δ23λ8 +O
[
(∆12 + ∆12 + δ12 + δ23)
2
]}
.
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Here, the overall phase factor e−
2ipi
3 indicates that the actual rotation angle is 2pi + φ. Note that the error terms
related to ∆12 and ∆12 do not have any φ dependence. Moreover, the λ2 term vanishes in both Eqs. (S-3) and (S-4).
Therefore when we combine them as in Eq. (10), all hyperfine-induced errors cancel.
7The hyperfine-corrected rotations, defined in Eq. (10), are
U˜12(φ) = R12(φ)
{
I − iφ
[
g12
(
1
2
)
− g12 (1)
]
δ12λ3
+
[
i√
3
[
(3pi − φ)g12
(
1
2
)
+ (3pi + φ)g12 (1)
]
δ12 + i
√
3pi
[
g23
(
1
2
)
+ g23 (1)
]
δ23
]
λ8
+O
[
(∆12 + ∆12 + δ12 + δ23)
2
]}
,
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and
U˜23(φ) = R23(φ)
{
I −
√
3iφ
2
[
g23
(
1
2
)
− g23 (1)
]
δ23λ1 +
iφ
2
[
g23
(
1
2
)
− g23 (1)
]
δ23λ3
+
[
i
√
3pi
[
g12
(
1
2
)
+ g12 (1)
]
δ12 +
i√
3
[
(3pi − φ)g23
(
1
2
)
+ (3pi + φ)g23 (1)
]
δ23
]
λ8
+O
[
(∆12 + ∆12 + δ12 + δ23)
2
]}
.
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(Here we took J = 1.) We see that all first-order dependences on ∆12 and ∆12 vanish. In case of perfect control, this
sequence would be error-free in the first order.
The exchange-noise-corrected pulse sequence, building from Eqs. (S-5) and (S-6) according to Eqs. (11) and (12),
are
˜˜
U12(φ) = e
2ipi
3 R12(φ)
{
I − i
√
3pi
[
g12
(
1
2
)
− g12 (1)
]
[(cosφ1 − 1) cosφ2 + 2 sinφ1 sinφ2] δ12λ1
− i(pi + φ+ 3pi cosφ1)
[
g12
(
1
2
)
− g12 (1)
]
δ12λ3
+
[
i√
3
[
(35pi − φ)g12
(
1
2
)
+ (43pi + φ)g12 (1)
]
δ12 + 13
√
3ipi
[
g23
(
1
2
)
+ g23 (1)
]
δ23
]
λ8
+O
[
(∆12 + ∆12 + δ12 + δ23)
2
]}
,
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and
˜˜
U23(φ) = e
2ipi
3 R23(φ)
{
I
−
√
3i
2
[
g23
(
1
2
)
− g23 (1)
]
[pi + φ− pi cosφ2 + pi cosφ1(3 + cosφ2) + 2pi sinφ1 sinφ2]δ12λ1
+
i
2
[
g23
(
1
2
)
− g23 (1)
]
[pi + φ+ 3pi(cosφ1 + cosφ2 − cosφ1 cosφ2 − 2 sinφ1 sinφ2)]δ12λ3
+
[
13
√
3ipi
[
g12
(
1
2
)
+ g12 (1)
]
δ12 +
i√
3
[
(35pi − φ)g23
(
1
2
)
+ (43pi + φ)g23 (1)
]
δ23
]
λ8
+O
[
(∆12 + ∆12 + δ12 + δ23)
2
]}
.
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We first examine Eq. (S-7). To make the undesired δ12 and δ23 terms vanish, we need
pi + φ+ 3pi cosφ1 = 0 (S-9)
(cosφ1 − 1) cosφ2 + 2 sinφ1 sinφ2 = 0. (S-10)
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Supplementary Figure S1: Example sequences for U ′12/23(J, φ 6= pi, tr) and U ′12/23(J, pi, tr), to replace Eq. (9) in situations where
finite rise times cannot be neglected. Here φ = 0.7pi and tr = 0.3, where tr is the rise time scaled by Jmax/~.
One can readily verify that the parameters given in the main text, Eqs. (13) and (14), satisfy these requirements. It is
also straightforward to verify that the same φ1 and φ2 will cancel the undesired δ12 and δ23 terms in Eq. (S-8). We
remark here that this error cancellation scheme does not assume any particular form of g(J). Interestingly, one may
note that after all first order error terms are cancelled, the remaining λ8 terms in Eqs. (S-7) and (S-8) are identical
when indices 12 and 23 are interchanged. This reflects the fact that the |Q〉 state is completely symmetric with respect
to the three spins.
III. ACCOUNTING FOR FINITE RISE TIME
So far our analysis has assumed that exchange strengths can be varied instantaneously. In a laboratory implemen-
tation though there must be a finite rise or fall time associated with each change in J . Here we show that even when
these effects are taken into account, our first main result still holds. That is, with only slight modifications Eq. (10)
still cancels all hyperfine-induced errors to first order.
As noted in the main text, Eq. (8) applies regardless of pulse shape. Thus to construct an error-cancelling sequence
in the presence of finite rise times we need only find a new implementation for the U ′12/23(J, φ)’s that still satisfies
a2 = b2 in that regime. To that end we revisit the intuition that Eq. (9) can result in a2 = b2 = 0 by spending equal
time intervals at each pair of diametrically opposite points on its path around the Bloch sphere. Now, finite rise times
force the qubit to spend extra time at the beginning and ending portions of pulses, due to the steady increase or
decrease in the value of J . However, the error induced at such a point can be exactly cancelled by forcing the qubit
to spend the same amount of extra time at the corresponding point directly opposite from it across the rotation axis,
i.e. pi radians of rotation away. This can be accomplished by forcing J to zero at judiciously-chosen points, with the
correct fall and rise times, during the U ′12/23(J, φ) implementation.
Let U12/23(J, φ, tr) denote an operation in which J (t) is pulsed from zero to J , held at J , then returned to zero.
The rise and fall times are both equal to tr, and the duration is chosen such that, including the ramping portions,
the total angle of rotation accomplished is φ. Our result here requires a separate implementation for U ′12/23(J, pi, tr)
and U ′12/23(J, φ 6= pi, tr), each of which can be written as:
U ′12/23(J, φ, tr) = U12/23(J, φ, tr)U12/23
(
J
2
, pi − φ, 2tr
)
U12/23
(
J
2
, φ, 2tr
)
U12/23
(
J
2
, pi − φ, 2tr
)
U12/23(J, φ, tr)
(S-11)
and
U ′12/23(J, pi, tr) = U12/23(J, φ, tr)U12/23 (J, pi − φ, tr)U12/23
(
J
2
, φ, 2tr
)
× U12/23
(
J
2
, pi − φ, 2tr
)
U12/23(J, φ, tr)U12/23 (J, pi − φ, tr) (S-12)
The rise time corrected implementations are plotted in Supplementary Figure S1. They satisfy a2 = b2 = 0, and
hence result in first-order correction when used as replacements for Eq. (9). In the limit of tr approaching zero these
9implementations are identical to those of Eq. (9). Note that when applying these pulses we must constrain −pi ≤ φ ≤ 0
in Eq. (10). A similar result can be derived for rotations with the range 0 ≤ φ ≤ pi, or the sequence given here may
be applied successively to reach the desired angle.
IV. SECOND-ORDER ERROR CANCELLATION FOR HYPERFINE NOISE
In this section we demonstrate that if we have perfect control, then the hyperfine noise can be cancelled up to second
order. Recall the construction of Eq. (10). If we find a composite pulse, U˘ ′12(J, φ), the error of which is independent
of φ up to the second order of ∆12 and ∆12, then the sequence
U˘12(φ) ≡ U˘ ′12(J, pi + φ)U ′23(J, pi)U˘ ′12(J, pi)U ′23(J, pi)U˘ ′12(J, pi)U ′23(J, pi) (S-13)
would perform a rotation robust against hyperfine noise up to second order. Note that we only need a “first-order”
corrected U ′23(J, pi) in Eq. (S-13) [not U˘
′
23(J, pi)] since its error is of course φ independent (only pi rotation is needed)
and its error on λ2 can be verified to remain zero up to the second order. Also, the strength of the control field in
U ′23(J, pi) and U˘
′
12(J, φ) does not have to be equal, as already noted in the main text.
We have found U˘ ′12(J, φ) having the desired property by cascading U
′
12(J, φ) defined in Eq. (9) as
U˘ ′12(J, φ) ≡ U ′12
(
J,
φ
3
)
U ′12
(
J,
φ
3
)
U ′12
(
J
2
, 2pi − φ
3
)
U ′12
(
J,
φ
3
)
U ′12
(
J,
φ
3
)
. (S-14)
Direct algebra shows
U˘ ′12(J, φ) = R12(φ)
[(
1− 64pi
2
J2
∆2
12
)
I +
(
−8ipi
J
∆12 +
8ipi
J2
∆212 +
32pi2
J2
∆2
12
)
λ3
+
(
−8i
√
2pi
J
∆12 −
4i
√
2pi
J2
∆212 +
32
√
2pi2
J2
∆2
12
)
λ6 +
(
4i
√
3pi
J2
∆212
)
λ8
]
,
(S-15)
and it is obvious that there is no φ dependence in the error terms on the rhs of Eq. (S-15). One can then calculate
Eq. (S-13) as
U˘12(φ) = R12(φ)
{
I +
3
√
3ipi
2
(
33
4
∆212 + ∆12∆12 + ∆
2
12
)
λ8 +O
[
(∆12 + ∆12)
3
]}
, (S-16)
where the hyperfine noise induced error is cancelled up to the second order (we have taken J = 1). For U˘23(φ)
corrected to the same order, one simply interchanges the 12 and 23 indices in Eqs. (S-13) and (S-14). We also note
that for all rotation angles to be guaranteed non-negative, we require (pi+φ)/3 ≥ 0 and 2pi− (pi+φ)/3 ≥ 0 [from the
rhs of Eq. (S-14)], which is obviously satisfied for any φ ∈ [−pi, pi].
V. DEFINITION OF FIDELITY
In Figs. 2 and 3 we characterize the error in terms of the infidelity (one minus the fidelity, F ). The fidelity has
been discussed in Refs. [S2] and [S3]. However, due to presence of the leaked state |Q〉, our evolution operator is not
trace-preserving. Therefore Eq. (7) of Ref. [S2] must be extended as
F =
1
4
Tr
V λ˜0V †Uf λ˜0U†f + 13
3∑
j=1
V λjV
†UfλjU
†
f
 , (S-17)
where V is the desired (noiseless) operation, Uf is the actual time evolution at the conclusion of composite pulse
sequence, and
λ˜0 =
 1 0 00 1 0
0 0 0
 . (S-18)
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